Characterization of graphs dominated by induced paths  by Bacsó, G. et al.
Discrete Mathematics 307 (2007) 822–826
www.elsevier.com/locate/disc
Characterization of graphs dominated by induced paths
G. Bacsóa, Zs. Tuzaa,1, M. Voigtb
aComputer and Automation Institute, Hungarian Academy of Sciences, H–1111 Budapest, Kende u. 13–17, Hungary
bHTW Dresden, Friedrich-List-Platz 1, D-01069 Dresden, Germany
Received 23 September 2003; received in revised form 16 February 2004; accepted 22 November 2005
Available online 20 September 2006
Abstract
We give a characterization, in terms of forbidden induced subgraphs, of those graphs in which every connected induced subgraph
has a dominating induced path on at most k vertices (k3). We show, in particular, that k = 4 means precisely the class of
domination-reducible graphs, whose original deﬁnition applied four types of structural reduction.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A subgraph H of a graph G is said to be dominating if every vertex of G − H has at least one neighbor in H.
A general problem concerning the structure of dominating subgraphs can be formulated as follows. Given a class D
of connected graphs, determine the class Dom(D) of graphs G in which every connected, induced subgraph contains a
dominating induced subgraph isomorphic to some member ofD. The general approach in the sequence of papers [1–5]
is to characterize Dom(D) in terms of forbidden induced subgraphs. This setting leads to the graph class equation
Dom(D) = Forb(F),
where for a (ﬁnite or inﬁnite) familyF of graphs, Forb(F) consists of the graphs not containing any F ∈ F as an
induced subgraph. This equation is completely solved for various classes of D; e.g. for the set of all complete graphs
[1,7], the paths of length at most two, and also the connected graphs on at most four vertices (both in [5]). Further
results of the form Dom(D) ⊆ Forb(F) can be found in [3,6,8,10].
In the present paper, we solve the problem for induced paths. Formally, let Pk and Ck denote the chordless path and
cycle, respectively, on k vertices. Deﬁne
Dk := {P1, . . . , Pk}.
A graph G is said to be hereditarilyDk-dominated if every connected induced subgraph of G has a dominating induced
subgraph D ∈ Dk . The main goal of this paper is to characterize the hereditarily Dk-dominated graphs.
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The leaf graph of a graph G is obtained by adding a pendant edge on every non-cutting vertex of G. We denote the
leaf graph of Ck by Mk , and the leaf graph of the claw by B. Furthermore, let
Fk := {M3, ...,Mk+1, B, Pk+3, Ck+3}.
The main result of this paper is given in the following theorem which has been discovered independently and
simultaneously by Michalak [9]. The proof techniques are completely different.
Theorem 1. For every k3, a graph G is hereditarily Dk-dominated if and only if G does not contain any induced
subgraph F ∈Fk .
As amatter of fact, the non-2-connected,minimally non-Dk-dominated graphs can be determined by a generalmethod
of the ﬁrst two authors [5]. Therefore, though we shall not apply [5] here, the most essential part of the characterization
can be formulated as follows.
Corollary 1. The unique minimal 2-connected non-Dk-dominated graph is Ck+3.
Together with Theorem 1, we shall also prove a characterization for dominating induced paths of unrestricted length.
Theorem 2. A graph G is hereditarily dominated by induced paths if and only if G does not contain any induced
subgraph H ∈ {B} ∪ {Mi | i3}.
An interesting aspect of this result is that there do not exist any 2-connected, minimally non-path-dominated graphs.
1.1. Domination-reducible graphs
Zverovich [11] deﬁned a class of graphs for which the MINIMUM DOMINATING SET problem is solvable in polynomial
time. Call a graph domination-reducible if each of its induced subgraphs H satisﬁes at least one of the following
properties:
1. H is disconnected.
2. The complement of H is disconnected.
3. H contains an induced path P on four vertices, such that for each vertex y of H − P , if y is adjacent to at least one
vertex of P then it is adjacent to all of them.
4. H contains a dominating induced P4.
Zverovich proved that, using the notation above, this graph class can be characterized by the set F4 as forbidden
induced subgraphs. Thus, we have the following corollaries.
Corollary 2. The class of domination-reducible graphs is precisely the class of hereditarily D4-dominated graphs.
Corollary 3. If G is domination-reducible and connected, then its domination number is at most 4.
We prove an alternative characterization, too, for which we note that the property of domination-reducibility is an
additive graph property, i.e. it holds for the entire graph if (and only if) it holds for all of its connected components.
(This additivity is obvious by the ﬁrst case of the deﬁnition.)
Theorem 3. A connected graph with more than one vertex is domination-reducible if and only if each of its connected,
induced subgraphs is dominated by an edge or by an induced P4.
Proof. The ‘if’ part is weaker than one direction of Corollary 2 that every hereditarily D4-dominated graph is
domination-reducible. Also conversely, we know from Corollary 2 that every domination-reducible connected graph
has a dominating induced path P with at most four vertices. If |P |=2 or 4, then the proof is done. If |P |=1, say P =x,
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then any edge incident with x is dominating. Finally, if |P | = 3, say P = xyz, then either yz is a dominating edge or
there is a vertex w adjacent to x but to neither of y and z, hence in the latter case wxyz is a dominating induced P4. 
2. Relations between non-dominating subgraphs
In this section, we prove three structural lemmas that will play a crucial role in the proof of Theorems 1 and 2.
Lemma 1. If a graph G is not Dk-dominated, and contains no induced Pk+3 and Ck+3, then G has no dominating
induced path (of any length).
Lemma 2. If a graph G is not dominated by any induced path, and contains no induced subgraph B, then G has no
dominating induced tree.
In order to formulate the third lemma, we need to introduce the classW of graphs as follows. The members ofW
are the graphs W with a speciﬁed wertex w, such that
• W is connected,
• W − w is a forest, and
• in each connected component H of W − w, the minimal subtree containing all neighbors of w in H is a path.
We denote by L = L(W) the linear forest whose components are the paths involved in the last condition above. For
every k3, the subclassWk ofW consists of those W ∈W which also satisfy the following fourth assumption:
• In L(W), the number of vertices plus the number of components is at most k + 1.
Lemma 3. Suppose that G contains no dominating induced subtree.
1. If G contains no induced Mi for any ik + 1, then G does not have any dominating induced subgraph W ∈Wk .
2. If G contains no induced Mi for any i3, then G does not have any dominating induced subgraph W ∈W.
In the proofs, we use the following terminology:
Deﬁnition 1. Let H be a subgraph of G, and h a vertex of H. A private neighbor of h (with respect to the subgraph H)
is a vertex which is not in H and whose unique neighbor in H is h.
Proof of Lemma 1. Suppose, for a contradiction, that P = x1x2 . . . x is an induced path of minimum length that
dominates G. By assumption, k + 1. Moreover, P − x1 and P − x are shorter paths, non-dominating (by the
minimality of ), therefore both x1 and x have private neighbors, say y1 and y. If > k + 1, then y1x1x2 . . . xk+2 is
an induced Pk+3 in G. On the other hand, if  = k + 1, then y1x1x2 . . . xy induces either Pk+3 (if y1y /∈E) or Ck+3
(if y1y ∈ E), both possibilities excluded by assumption. 
Proof of Lemma 2. Suppose that G has some dominating induced tree T. Since BT , T is a caterpillar (that is, a
tree dominated by a path). The spine of T is the path S = x1 . . . xs obtained by removing all leaves from T. Among all
dominating induced trees of G, we choose T with the
• fewest leaves, and
• longest spine,
in this order. We specify two leaves in extremal positions, x0 and xs+1, adjacent to x1 and xs , respectively. Hence,
x0x1 . . . xs+1 is a longest path in T.
Let, for some i, yi /∈ {x0, xs+1} be a third leaf of T, adjacent to xi . Such a subscript i with 1 is must exist, for
otherwise T would be a path. The tree T − yi has fewer leaves than T does, thus it cannot dominate G, so that yi has a
private neighbor, say z, with respect to T.
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If 1< i < s holds, then {xi−2, xi−1, xi, xi+1, xi+2, yi, z} induces B; and if i = 1 (or i = s), then the tree T ′ =
(T − x0) ∪ {y1, z} (or T ′ = (T − xs+1) ∪ {ys, z} is dominating, with the same number of leaves as T but with a longer
spine. The former is excluded by assumption, while the latter contradicts the choice of T. 
Proof of Lemma 3. We prove the two parts of the lemma simultaneously. Suppose that someW ∈Wk is a dominating
induced subgraph of G (for the given k in the ﬁrst part of the lemma, and for a sufﬁciently large k in the second part).
We say that a vertex v ∈ W − w is a block vertex if v is contained in some cycle of W. Among the possible choices of
W, we select one where
• the number b = b(W) of block vertices is minimum, and
• under this condition, the number q = q(W) of those block vertices v for which W − v is connected, is as small as
possible.
Since no induced tree can dominate G, we have b> 0.
We are going to prove q = 0. Suppose q > 0, and let v be a block vertex such that the subgraph W ′ = W − v is
connected. Removing v from W, the number of components in the linear forest L increases by at most one, while
the number of vertices in L decreases by at least one. Thus, W ′ ∈ Wk also holds. Since b(W ′)< b(W), W ′ cannot
dominate G; hence, there exists a private neighbor, say z, of v with respect to W. But then the subgraph W ′′ induced by
W ∪ {z} has the following properties:
W ′′ dominatesG, moreover W ′′ ∈Wk , b(W ′′) = b(W), and q(W ′′)< q(W)
(the latter because v is a cut vertex of W ′′ but not of W). This contradicts the choice of W, thus q = 0 holds indeed.
Consider now a chordless cycle C in W. Then w ∈ V (C), because W −w is a forest. Let us assume C = x1x2 . . . x,
where x =w. The xi (1 i < ) are block vertices ofW, and we have just proved that q =0. Hence,W contains vertices
yi (1 i < ) such that xiyj is an edge if and only if i = j , and all the yj are non-adjacent to w. To conclude the proof,
we will show that G contains the induced subgraph M. This will be a contradiction, because the assumption W ∈Wk
implies k + 1.
Case 1: W − w is connected.
Then W − w is a tree that, by assumption, does not dominate G. Thus, w has a private neighbor, say z, with respect
to W, and the subgraph induced by C ∪ {y1, . . . , y−1} ∪ {z} is isomorphic to M.
Case 2: W − w is disconnected.
Then w has a neighbor, say z, which does not belong to the connected component of C −w in W −w, and we again
obtain M ⊆ G induced by C ∪ {y1, . . . , y−1} ∪ {z}.
In either case, the contradiction proves the lemma. 
3. Proof of the main results
In this section, we prove Theorems 1 and 2.
It is obvious that the graphs Mi (i3) and B are not dominated by any induced path; and also that Pk+3 and Ck+3
are not dominated by any path with at most k vertices. That is, the ‘only if’ part of both theorems is valid.
To prove the ‘if’ parts, suppose for a contradiction that Theorem 1 or 2 is false. Let G = (V ,E) be a minimal
counterexample, i.e. a graph that does not contain any induced subgraph from the family Fk or from {B} ∪ {Mi |
i3}, and does not admit a dominating induced path (of length <k for Theorem 1, or of any length for Theorem 2); but
removing any non-cutting vertex—or, more generally, taking any connected induced proper subgraph—a dominating
path occurs.
Let u be a vertex such that the graph G′ = G − u is connected. This G′ has a dominating path P (with or without
length restriction). Since G is connected, u has a neighbor, say w, and w is dominated by P. Consequently, P ∪ {w}
induces a dominating subgraph W ∈Wk for Theorem 1 or W ∈W for Theorem 2. On applying Lemma 3, we obtain
that G also contains a dominating induced tree. Since B is not an induced subgraph of G, Lemma 2 now implies that also
the entire G is dominated by an induced path. It follows that G cannot be a (minimal) counterexample to Theorem 2.
Moreover, if Pk+3 and Ck+3 are also excluded, then Lemma 1 yields a dominating path on at most k vertices. Thus, G
cannot be a counterexample to Theorem 1 either. This contradiction proves both Theorems 1 and 2. 
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